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Abstract
by
Lina Baroudi
Adviser: Professor Taehun Lee
A numerical study has been performed using a lattice Boltzmann method (LBM)
for an incompressible binary ﬂuid based on the Cahn-Hilliard diﬀuse interface approach to investigate the early-time coalescence dynamics of two liquid drops. The
two drops approach each other at a very low Weber number (We) and the coalescence process is driven by surface tension. When the two drops come into contact,
the curvature diverges and causes inﬁnitely large surface tension forces, leading to the
formation of a rapidly growing liquid bridge. Depending on the forces that govern the
widening of the liquid bridge, the coalescence dynamics can be classiﬁed into viscous
regime, where the viscous forces govern the coalescence and inertial regime, where
the inertial forces govern the coalescence. For the coalescence in the inertial regime,
√
where the liquid bridge radius r grows as r(t) ∝ t, the eﬀect of the initial separation between the drops on the growth-rate of the liquid bridge radius is examined for
two diﬀerent initial conﬁgurations. The ﬁrst conﬁguration has the two drops initially
connected by a small ﬁnite radius of the liquid bridge, and the second one has the
two drops initially separated by a small ﬁnite distance. The eﬀect of changing the
Weber number on the time evolution of the liquid bridge is also examined to see at
what value of W e the approaching velocity eﬀect should be taken into account.
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Nomenclature

A0

Evolution prefactor

C

Composition

cs

Speed of sound

d

The initial separation between the two drops

D0

The diameter of the liquid drop

D

Numerical interfacial thickness

E0

Bulk energ

Emix Mixing energy
eα

Microscopic particle velocity

F

Averaged external force

fα

Original particle distribution function to recover mass and momentum

gα

Original particle distribution function to recover pressure and momentum

hα

Original particle distribution function to recover composition

ḡα

Modiﬁed particle distribution function to recover pressure and momentum

h̄α

Modiﬁed particle distribution function to recover composition

fαeq
gαeq
heq
α
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ḡα
h̄eq
α

Original equilibrium function related to fα
Original equilibrium function related to gα
Original equilibrium function related to hα
Modiﬁed equilibrium distribution function related to ḡα
Modiﬁed equilibrium distribution function related to h̄α

M

Interfacial mobility

Ma

Mach number

1

2

√ ηl
ρl D0 σ

Oh

Ohnesorge number deﬁned as Oh =

p

Pressure

Pc

Capillary pressure

r(t)

The radius of the liquid bridge

R0

The radius of the liquid drop

Re

Reynolds number

S

S number deﬁned as S =

t

Time measured form the moment of contact

ti

Inertial time of the liquid phase

u

Volume averaged velocity

U0

Relative approaching velocity

Uc

Velocity due to capillary forces

We

Weber number deﬁned as W e =

√

M ηl
D0

ρl D0 (2U0 )2
σ

Greek letters
α

Lattice direction

β

Constant

δ

Neck height

κ

Gradient parameter

η

Dynamic viscosity

µ

Chemical potential

ξ

Initial separation parameter deﬁned as ξ =

ρ

Density

σ

Surface tension

τ

Dimensionless relaxation time

Subscripts
g

Gas

d
D0

3

l

Liquid

Chapter 1
Introduction
When two drops approach each other at a vanishingly small velocity (i.e., negligible deformation before contact) the ﬁlm separating the two drops gets thinner till
it reaches a critical thickness of the order of nanometers, at which van der Waals
attraction forces bring the drop surfaces together and a thin liquid bridge is formed
between the two drops. The liquid bridge then expands rapidly due to the inﬁnitely
large capillary forces, caused by the initial singular curvature, and the two drops form
a bigger drop with a smaller surface area.
The study of coalescence is of fundamental importance in understanding diﬀerent
natural and industrial processes such as rain drop formation in clouds [1], emulsion
stability, ink-jet printing, and the dynamics of multiphase ﬂows [2].
The hydrodynamics at early times of coalescence has been investigated in detail
both analytically and numerically by Eggers et al. [3] and Duchemin et al. [4]. After
the liquid bridge is formed between the two drops, the expansion of the liquid bridge
is driven by the capillary forces and opposed by the viscous forces at very early time of
coalescence. Balancing the surface tension forces and the viscous forces gives a ﬁxed
velocity scale Uc = σ/ηl , where Uc is the capillary velocity, σ is the surface tension,
and ηl is the liquid viscosity. Using the bridge radius as a characteristic length scale
and the capillary velocity as a characteristic speed, one can ﬁnd the local Reynolds
number of the ﬂow in the neck region which is given by Re = ρl σr/ηl2 with r being
the radius of the liquid bridge and ρl the ﬂuid density. Depending on the value of
4
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the prescribed Reynolds number, one can determine whether the viscous or inertial
forces govern the coalescence dynamics.
For Re < 1 the coalescence process occurs in the viscous regime, where the ﬂow
near the neck region is governed by Stokes equations, while for Re > 1 coalescence
process occurs in the inertial regime and the ﬂow near the neck region is described by
the Euler equations. If the crossover between the two regimes is assumed to happen
when Re ∼ 1, one can say that coalescence occurs in the viscous regime when r << rv ,
where rv = ηl2 /ρl σ is the viscous length scale after which the eﬀect of inertia becomes
important. Nevertheless, the viscous length scale rv is often very small and it is hard
to observe viscous coalescence. For the coalescence of water drops in air, the viscous
length scale is suﬃciently small, rv ≈ 14nm, so that the eﬀect of the viscous forces can
be neglected and the coalescence of water drops in air can be considered an inviscid
process. Thus, when r >> rv for large part of the liquid bridge evolution, the eﬀect
of inertia will be dominant for much of the coalescence.
Eggers et al. [3] proposed a scaling law that governs the time evolution of the
liquid bridge radius for inviscid coalescence. Assuming that the capillary forces at
the meniscus around the bridge are distributed over the smallest length scale-the
neck height δ (see Figure 1.1), the capillary pressure driving the motion is then σ/δ.
Balancing the capillary pressure and the dynamic pressure of the ﬂuid ρl U 2 will result
√
in the following scaling law: r(t) ∝ t, which determines the time evolution of the
liquid bridge radius in the inviscid regime. Paulsen et al. [5] recently proposed a new
Reynolds number for coalescence based on a characteristic length scale smaller than
the bridge radius used in the Reynolds number prescribed above. A larger viscous
length scale rv will be obtained based on the new Reynolds number that Paulsen et
al. suggested [5] .
In the present work, we investigate the coalescence of liquid drops by surface tension for low viscosity ﬂuids using lattice Boltzmann method (LBM) based on the
Cahn-Hilliard diﬀused interface approach [6], where we focus on the early times behavior of the liquid bridge formed between two drops (Fig. 1.1). We succeed in
observing the appropriate dependence of the bridge radius on time for inviscid co√
alescence, where r(t) ∝ t scaling has been subsequently observed experimentally
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Figure 1.1: Initial condition for connected drops.
[5, 7, 8, 9, 10, 11]. However, since the numerical simulation of the early-times of coalescence faces major challenges in the initialization of the simulation when starting the
simulation at the moment of contact (i.e., starting with singular initial condition),
and in the treatment of the last stage of coalescence when starting the simulation
before contact, a few numerical simulations were performed to study the early time
evolution of the liquid bridge [4, 7, 12]. Duchemin et al. [4] and Menchaca-Rocha
et al. [7] smoothed the interface in the region of the liquid bridge to avoid inﬁnitely
large capillary forces caused by the singular curvature at the moment of contact.
It will be seen later that starting the simulation with initially connected drops will
aﬀect the coalescence dynamics and time evolution of the liquid bridge. The last
stage of coalescence, the merging of the two colliding interfaces, is a result of the
van der Waals attraction forces between the molecules of the two drops. Thus the
continuum mechanics-based numerical methods will lack the ability to describe the
microscopic mechanism causing the merging of the two surfaces. For example, in
sharp interface simulations [13] the last stage of coalescence is obtained by artiﬁcially
connecting the two interfaces when the two drops are suﬃciently close to each other.
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This artiﬁcial rupture of the interface will aﬀect the coalescence dynamics since the
dynamics depends greatly on the moment of contact, as will be seen in the discussion. As the diﬀuse interface models eliminate the need for interface surgery, they
possess the ability to handle topological changes such as coalescence and break up in a
natural way, since the models contain the physics of short range molecular attraction
forces [14]. Thus our diﬀuse interface model is capable of capturing the hydrodynamic
singularities during coalescence and reﬂecting the true physics of the process.
This paper is organized as follows. Chapter 2 presents the motivation and objective of this work. Chapter 3 summarizes the mathematical model and numerical
methods used in this paper. Chapter 4 presents the main results of the study in three
subsections. The ﬁrst presents the computational setup and quantitative comparisons
with experiments. In the second, we discuss the eﬀect of the initial condition on the
liquid bridge evolution. The third subsection describes the eﬀect of Weber number
(W e) on the liquid bridge evolution. Chapter 5.1 presents a summary of the key
results obtained in this study and future work.

Chapter 2
Motivation and Objectives
As it was described before, the study of coalescence is of fundamental importance in
understanding diﬀerent natural and industrial processes such as rain drop formation
in clouds [1], emulsion stability, ink-jet printing, and the dynamics of multiphase
ﬂows [2]. Multiple experimental studies have been performed to study the early
times behavior of the liquid bridge formed between two drops. However, since the
numerical simulation of the early-times of coalescence faces major challenges in the
initialization of the simulation when starting the simulation at the moment of contact
(i.e., starting with singular initial condition), and in the treatment of the last stage of
coalescence when starting the simulation before contact, a few numerical simulations
were performed to study the early time evolution of the liquid bridge. For this reason,
it is the motivation for this study, to utilize a Lattice Boltzmann Method to simulate
the the coalescence of liquid drops by surface tension for low viscosity ﬂuids. LBM
is the numerical tool used in this study because of the great advantages it oﬀers:
ability to capture large topological changes at the interface, easy boundary condition
implementation, accuracy, easy implementation, and can be fully parallelized. It is
important that each phenomenon (development and transport of the ﬂuids) can be
properly simulated in order to capture the complete dynamics of the ﬂow.
The contents of this study are organized as follows:
• Chapter 3 presents the governing equations and numerical methods.

8
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• Chapter 4 presents the study of binary drop coalescence for two diﬀerent initial
conﬁgurations.

Chapter 3
Governing equations and numerical
methods
3.0.1

Cahn-Hilliard model

The Cahn-Hilliard equation is an evolution equation of the composition C, which
models the interface transport due to advection and surface diﬀusion [15].
∂C
+ u · ∇C = ∇ · (M ∇µ) .
∂t

(3.1)

where M > 0 is the interfacial mobility parameter, which has to be chosen carefully
by the corresponding physical criteria [15, 16]. The density ρ is taken as a linear
function of the composition:
ρ(C) = Cρ1 + (1 − C)ρ2 .

(3.2)

The mixing energy density for an isothermal system is expressed as a function of C and
its gradient as proposed by Cahn and Hilliard [17], and is given by Emix (C, ∇C) =
E0 (C)+ κ2 |∇C|2 , where C is the concentration of one component and κ is the gradient
parameter. The bulk energy E0 is given by E0 (C) ≈ βC 2 (C − 1)2 , where β is a
constant. The classical part of chemical potential is the derivative of E0 with respect
to C, µ0 =

∂E0
.
∂C

The equilibrium interfacial proﬁle is determined by minimizing the
10
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mixing energy, i.e., µ = µ0 −κ∇2 C = const in the one-dimension. The interface proﬁle
( )
for a plane interface at equilibrium is given by C (z) = 21 + 21 tanh 2z
, where D is
D
the (numerical) interface thickness, which is chosen based on accuracy and stability.
The gradient parameter κ and the surface tension force σ are calculated as κ =
√

and σ =

3.0.2

βD 2
8

2κβ
.
6

Lattice Boltzmann equation

The Discrete Boltzmann Equation (DBE) for the transport of the mixture density
and momentum of incompressible binary ﬂuids is given as follows [18, 19, 20, 21]:
1
1
∂fα
+ eα · ∇fα = − (fα − fαeq ) + 2 (eα − u) · FΓα ,
∂t
λ
cs

(3.3)

where fα is the particle distribution function in the α direction, eα is the α-direction
microscopic particle velocity, u is the volume averaged velocity, cs is the speed of
sound, λ is the relaxation time,ρ is the macroscopic density, F represents the intermolecular force, and fαeq is the equilibrium distribution function
[

fαeq

]
eα · u (eα · u)2 (u · u)
= tα ρ 1 +
,
+
−
c2s
2c4s
2c2s

(3.4)

and tα is a weighting factor [22]. F represents the intermolecular attraction through
the mean-ﬁeld approximation and the exclusion volume of molecules [23]. The intermolecular force comprises F:
F = ∇ρc2s − ∇p + C∇µ(C),

(3.5)

where ρc2s is the ideal gas contribution to the pressure and p is the hydrodynamic
pressure that enforces compressibility. The total pressure is the sum of the hydrodynamic pressure, the thermodynamic pressure Cµ0 − E0 , and the pressure due to the
inclusion of curvature −κC∇2 C + κ2 |∇C|2 .
Eq. (3.3) recovers mass and momentum equations. Nevertheless, It is necessary
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to transform Eq. (3.3) into the DBE for the pressure evolution and momentum equations in order to eliminate acoustic waves at low frequency limit and to improve
stability [23]. A new particle distribution function is deﬁned as [6]:
gα = fα c2s + (p − ρc2s )Γα (0),

(3.6)

where Γα (u) = fαeq /ρ. Taking the total derivative Dt = ∂t + eα · ∇ of the new variable
gα gives:
∂gα
1
+ eα · ∇gα = − (gα − gαeq )
∂t
λ
[
]
2
+ (eα − u) · ∇ρcs (Γα − Γα (0)) − C∇µΓα ,

(3.7)

where the new equilibrium gαeq is
[
gαeq = tα p + ρc2s

(

eα · u (eα · u)2 (u · u)
+
−
c2s
2c4s
2c2s

)]
.

(3.8)

In the derivation of Eq. (3.7), u · ∇p is assumed to be O(M a3 ) and thus dropped.
All thermodynamic quantities are assumed to be independent of the hydrodynamic
pressure p in the low M a number limit.
The LBE is obtained by discretizing Eq. (3.7) along characteristics over the time
step δt:
1
ḡα (x, t) = ḡα (x − eα δt, t − δt) −
(ḡα − ḡαeq ) |(x−eα δt,t−δt)
τ
+
0.5
[
]
+δt (eα − u) · ∇ρc2s (Γα − Γα (0)) − C∇µΓα (x−eα δt,t−δt) .

(3.9)

In Eq. (3.9), the modiﬁed particle distribution function ḡα and the equilibrium distribution function ḡαeq are
1
(gα − gαeq )
2τ
]
[
δt
− (eα − u) · ∇ρc2s (Γα − Γα (0)) − C∇µΓα ,
2

ḡα = gα +

(3.10)
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ḡαeq = gαeq −

[
]
δt
(eα − u) · ∇ρc2s (Γα − Γα (0)) − C∇µΓα .
2
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(3.11)

For detailed discretization of the gradients in the forcing terms, see [6]. The macroscopic equation recovered from Eq. (3.7) using the Chapman-Enskog expansion are
the pressure evolution equation:
∂p
+ ρc2s ∇ · u = 0,
∂t

(3.12)

and the momentum equation with a chemical potential gradient:
(
ρ

)
(
)
∂u
+ u · ∇u = −∇p − C∇µ + ∇[ρc2s λ. ∇u + (∇u)T ],
∂t

(3.13)

where ρc2s λ is identiﬁed as the dynamic viscosity η. A new particle distribution function is needed for the transport of the composition C. The second particle distribution
eq
function can be obtained as hα = (C/ρ) fα and heq
α = (C/ρ) fα . Taking the total

derivative Dt of the new distribution function hα and taking into account Eq. (3.1)
produce
1
∂hα
+ eα · ∇hα = − (hα − heq
α)
∂t
λ
[
]
C
+ (eα − u) · ∇C − 2 (∇p + C∇µ) Γα + ∇ · (M ∇µ) Γα ,
ρcs
where

]
2
e
·
u
(e
·
u)
(u
·
u)
α
α
heq
.
+
−
α = tα C 1 +
c2s
2c4s
2c2s

(3.14)

[

(3.15)

The LBE for Eq. (3.14) is
(
)
1
h̄α (x, t) = h̄α (x − eα δt, t − δt) −
h̄α − h̄eq
(3.16)
α |(x−eα δt,t−δt)
τ
+
0.5
]
[
δt
C
+δt (eα − u) · ∇C − 2 (∇p + C∇µ) Γα |(x,t) + ∇ · (M ∇µ) Γα |(x−eα δt,t−δt)
ρcs
2
δt
+ ∇ · (M ∇µ) Γα |(x,t−δt) .
2
Taking the zeroth and ﬁrst moments of the modiﬁed particle distribution functions
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yields the composition, hydrodynamic pressure, and momentum.

ρu =
p=

C=
∑
1
c2s

∑
α

α

∑
α

h̄α ,

eα ḡα −

ḡα +

δt
u
2

(3.17)
δt
C∇µ,
2

· ∇ρc2s .

(3.18)
(3.19)

A nonlinear iterative procedure is required to obtain C using Eq. (3.17), because
the equilibrium chemical potential µ is a function of the composition C. The dimensionless relaxation time is taken as an inverse function of the composition:
1
C
1−C
=
+
τ
τ1
τ2

(3.20)

Chapter 4
Results and Discussion
We study the collision of two 3-dimensional liquid drops of the same size generated
on 140 × 140 × 140 computational domain for D3Q27 lattice. A quadrant of the real
domain is solved as a result of the axisymmetric geometry for the coalescence process
as sketched in Fig. 4.1. The initial drop diameter, interface thickness, and viscosity
and density ratios are D0 = 50, D = 4 in lattice unit, ηl /ηg = 100, and ρl /ρg = 1000,
respectively. The subscripts l and g denote the liquid and gas phases, respectively.
√
Time is nondimensionalized by the inertial time of the liquid phase ti = ρl R03 /σ
and is measured from the moment of contact, where R0 = D0 /2 is the drop radius.
The relevant nondimensional parameters for this problem are Weber number (W e),
Ohnesorge number (Oh), S number and the initial separation parameter ξ, which are
deﬁned respectively, as
ρl D0 (2U0 )2
ηl
We =
, S=
, Oh = √
σ
ρl D0 σ

√

M ηl
d
, ξ=
,
D0
D0

(4.1)

where 2U0 is the relative approaching velocity, and d is the initial separation between
the drops (Fig. 4.1). For boundary conditions, a free slip boundary condition is
applied at the upper and right boundaries, and symmetry condition is imposed along
the left and lower boundaries. The initial velocity is zero everywhere. An external
body force is applied to drive the drops toward each other, which is turned oﬀ when
the drop velocities reach the prescribed small value U0 .
15
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Figure 4.1: A schematic of the geometry of the numerical simulation.
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Figure 4.2: Time evolution of liquid bridge for inviscid coalescence. The full line has
a slope of 1.2 [8] and the dash-dot line has a slope of 1.1 [10, 11].
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Figure 4.3: Eﬀect of grid resolution on the liquid bridge evolution for separation
d = 2.

4.0.3

Comparison with experiments

For inertia dominated coalescence, the scaling law that governs the time evolution
√
of the bridge radius r(t)/R0 = A0 t/ti was subsequently conﬁrmed experimentally,
where A0 is the nondimensional evolution prefactor. Wu et al. [11] found a prefactor
A0 = 1.09±0.08 for water. Aarts et al. [8] found the following prefactors: water, A0 =
1.14; 5 mP a · s silicone oil, A0 = 1.24; and 20 mP a · s silicone oil, A0 = 1.11. Fezzaa
et al. [10] observed a prefactor: A0 = 1.1 for water. As an experimental benchmark,
we simulate the coalescence of two low viscosity ﬂuid drops approaching each other
at a negligible approaching velocity. The dimensionless parameters are W e = 0.001,
S = 0.0007, ξ = d/D0 = 2/50, and Oh = 0.02. Fig. 4.2 shows the time evolution
of the liquid bridge for inviscid coalescence. We found a nondimensional prefactor
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Figure 4.4: Eﬀect of S on liquid bridge evolution.

CHAPTER 4. RESULTS AND DISCUSSION

20

A0 = 1.101, which is in good agreement with the results of previous experiments [11,
8, 10, 9].
A grid resolution test was performed, using a grid size as function of the drop
diameter 2.8D0 × 2.8D0 × 2.8D0 , to ensure adequate resolution of the neck region.
The grids used in this test were 70 × 70 × 70, 140 × 140 × 140, and 280 × 280 × 280.
Considering the results presented in Fig. 4.3, it was determined that using the 140 ×
140 × 140 grid in this study, corresponding to D0 = 50, would provide a reasonable
accuracy and avoid high computational cost.
A related issue is the eﬀect of the interfacial mobility parameter M in Eq. (3.1).
Since the mobility parameter M aﬀects the convergence rate of the diﬀuse interface
model, its value needs to be chosen carefully. The mobility M is a diﬀusion parameter
that controls the relaxation time of the interface. The lower the value of M , the slower
the interfacial relaxation toward the equilibrium state. Thus, for low values of M ,
the ﬂow may thin or thicken the interface in diﬀerent locations, driving it far from
equilibrium. On the contrary, large values of M will guarantee a fast convergence of
the interface toward its equilibrium state. The tradeoﬀ is that the very high diﬀusion
parameter M will overly damp the the ﬂow near the interface [15] and will aﬀect
the solution quality especially near topological changes such as interface rupture and
reconnection [16]. Thus, M has to be chosen, large enough for diﬀusion to maintain
the interface near its equilibrium state, but small enough to avoid damping the ﬂow
near the interface.
The eﬀects of mobility on the growth rate of the liquid bridge radius is examined
by changing the S number while keeping all other nondimensional parameters ﬁxed,
√
where S = M ηl /D0 is a nondimensional number introduced by Yue et al. [24] to
represent the Cahn-Hilliard diﬀusion within the interfacial region. This diﬀusion dies
out as the interface gets thinner. As can be seen in Fig. 4.4, the highest value of S
number will produce the slowest growth rate of the bridge radius and the smallest
evolution prefactor A0 , while the smallest value of S number will have the highest
growth rate and evolution prefactor A0 . For the intermediate values of the S number
we observed a prefactor A0 ≈ 1.1, which is in good agreement with experimental
results. Based on this study, it was determined to use S = 0.0007 in the simulations,
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Figure 4.5: Eﬀect of the initial radius of contact r(0) on the time evolution of the
liquid bridge for four diﬀerent values of r(0).
which maintains the interfacial proﬁle close to equilibrium and avoids damping of the
ﬂow ﬁeld near the interface.

4.0.4

Eﬀect of initial condition on liquid bridge evolution

Time evolution of liquid bridge for initially connected drops
One of the major challenges faced in the numerical simulation of droplet coalescence is
the initialization of the simulation, since the singular curvature of the meniscus around
the bridge drives inﬁnitely large capillary forces at the moment of coalescence. To
avoid starting with a singular initial condition, Duchemin et al. [4] and MenchacaRocha et al. [7] started their simulations with two drops initially connected with
a thin liquid bridge. In order to study the eﬀect of starting the simulation with
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initially connected drops on the coalescence dynamics and the time evolution of the
liquid bridge, we consider two stationary drops of radius R0 touching at a point along
their axis of symmetry, where a tiny liquid bridge of radius r(0) connects the two
drops initially (see Fig. 1.1). Fig. 4.5 shows the eﬀect of the initial contact radius
r(0) on the time evolution of the liquid bridge. We notice that, for r(0)/R0 = 0.09,
√
the bridge evolution does not satisfy the scaling law r(t) ∝ t at early times, where
a slower initial growth rate of the liquid bridge was observed, and after some delay
time it converges to the prescribed scaling law. As can be seen in Fig. 4.5 the bridge
evolution starts with a very slow growth rate of r(t) ∝ t0 followed by a transition
√
region after which the evolution converges to r(t) ∝ t. The delay in satisfying the
scaling law, when starting the simulation with two initially connected drops, is a result
of the time necessary for the capillary pressure Pc to build up in the system. After
the capillary pressure Pc reaches its correct value, which corresponds to the initial
conﬁguration of the two drops, it will expand the liquid bridge radially according
√
to prescribed scaling law r(t) ∝ t. Menchaca-Rocha et al. [7] observed similar
trend in their simulation using an inviscid incompressible numerical method. They
suggested that the slow growth at the early times of the evolution is a result of two
eﬀects: the ﬁnite initial curvature of the meniscus around the liquid bridge, which
leads to a smaller initial impulse of the capillary forces, and the coarse resolution
in the neck region, where they argued that using a ﬁner mesh will provide a faster
√
convergence of the results to r(t) ∝ t scaling law. We performed a grid resolution
√
test to see the eﬀect of the grid spacing on the convergence of the results to r(t) ∝ t
for the prescribed initial condition. As can be seen in Fig. 4.6, increasing the grid
resolution will result in a shorter time for the transition region which leads to a faster
√
convergence to the t scaling law. The results are in good agreement with the results
obtained by [7].
So far we have discussed how the studied initial condition of the two drops caused a
delay in satisfying the scaling law and a slower initial growth rate of the bridge radius.
Now we want to focus on the eﬀect of the initial conditions on the bridge evolution
√
after it converges to r(t) ∝ t. The converged result for r(0)/R0 = 0.09 presented
in Fig. 4.5 has an evolution prefactor A0 ≈ 0.9, which is smaller than the prefactor
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Figure
√ 4.6: Eﬀect of the grid resolution on the convergence of the bridge evolution to
the t scaling law, for two initially connected drops.
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Figure 4.7: A comparison between the time evolution of the bridge radius for two
diﬀerent values of the initial contact radius r(0), where the plot for r(0)/R0 = 0.28
was shifted down artiﬁcially for comparison purposes.
observed in the benchmark case above for the two initially separated drops (Fig. 4.2),
where a smaller prefactor means slower growth rate of the liquid bridge. Starting
the simulation with a ﬁnite curvature of the meniscus around the liquid bridge is
expected to cause smaller capillary pressure Pc = σκ, compared with the capillary
pressure caused by singular curvature. Smaller capillary forces will drive a slower
expansion of the liquid bridge in the radial direction. In other words, the capillary
forces will initially accelerate more liquid and cause a larger outward velocities in the
neck region if the two drops were separated and the contact was made with a singular
curvature [9].
In order to evaluate the eﬀect of the initial contact radius r(0) on the bridge
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evolution, numerical simulations for the coalescence were performed for four diﬀerent
values of the initial contact radius r(0). Diﬀerent values of r(0) were obtained by
changing the separation between the center of the drops χ while keeping all other
parameters ﬁxed. As could be seen in Fig. 4.5, the bridge evolution for diﬀerent
values of r(0) follows the same pattern as the results for r(0)/R0 = 0.09, meaning
that the evolution is slow at early times followed by a transition region and then
√
converges to satisfy the t scaling law after some delay time. However the major
diﬀerence between the four test cases is that as the initial contact radius r(0) increases
the evolution prefactor becomes smaller, which implies slower growth of the liquid
bridge after convergence.
Fig. 4.7 shows a comparison between the radius evolution for two diﬀerent values of
the initial radius r(0), where the plot for r(0)/R0 = 0.28 was shifted down artiﬁcially
for comparison purposes. It is clear that as r(0) gets smaller the evolution of the
bridge radius becomes faster. The reason behind the discrepancy between the two
cases is that as r(0) gets bigger the initial curvature of contact κ gets smaller which
will cause a smaller capillary pressure Pc = σκ. Fig. 4.8 shows how the evolution
prefactor decreases as the initial radius of contact r(0) increases.
In summary, starting the simulation with two initially connected drops will aﬀect
√
the liquid bridge evolution as follows: delay in satisfying the scaling law t, where
a slower initial growth of the bridge radius was observed, and slower growth rate of
the converged results depending on the value of the initial radius of contact r(0).
Considering the results provided by this analysis, one can conclude that starting the
simulation with two initially connected drops will cause problems and inaccuracy in
describing the early times of the coalescence. Since the coalescence in our model
occurs naturally as a result of Cahn-Hilliard dynamics, there is no need to start our
simulation with initially connected drops which enabled us to observe the appropriate
scaling of the bridge evolution from early times of coalescence as shown in Fig. 4.2.
Time evolution of the liquid bridge for initially separated drops
The Cahn-Hilliard model is based on the diﬀuse-interface approach, in which the
interface between the two ﬂuids is assumed to have a small but ﬁnite thickness D,
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Figure 4.8: Evolution prefactor A0 for diﬀerent initial values of the initial contact
radius r(0).
inside which the two ﬂuids mix and store a mixing energy. The free energy of the
system depends both on the local composition and on the composition gradient representing the non-local interaction between the components. Thus, the Cahn-Hilliard
model incorporates the physics of short-range intermolecular attraction forces. The
attraction forces between two interfaces become considerable only if the separation
between them is within the eﬀective range of the intermolecular forces, which is of the
same order of the interfacial thickness D. In order to get a deeper understanding of
the eﬀective range of the intermolecular forces in our model, we examined the eﬀect
of initial separation d between the drops on the liquid bridge evolution, where d is of
the same order of magnitude as the equilibrium interfacial thickness D (see Fig. 4.1).
Fig. 4.9 shows the eﬀect of changing the initial separation parameter ξ =

d
D0

on the

time evolution of the bridge radius, where the change in d was obtained by changing
the separation between the center of the drops χ while keeping all other parameters
ﬁxed. As can be seen in Fig. 4.9 the results for d/D0 = 2/50 satisfy the scaling
√
law t from very early times of coalescence with a prefactor A0 ≈ 1.1, while as d
increases further, for instance d/D0 ≥ 4/50, we notice a slower initial growth rate
√
at early times of coalescence where the results deviate from the scaling law t, and
after some delay time the results will converge to satisfy the prescribed scaling law.
The slower initial growth and the deviation from the scaling law at early times of
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Figure 4.9: Eﬀect of initial separation on the liquid bridge evolution for low viscosity
ﬂuid.
coalescence are caused by the formation of an elongated neck between the two drops.
Fig. 4.10 shows a comparison between the regular neck and the elongated neck
formations observed during the coalescence process. As the initial separation between
the two drops d increases (i.e., d = 4, 6, 8), while d is within the eﬀective range of
the intermolecular forces, the attraction forces between the two approaching surfaces
are still able to initiate the coalescence and form a liquid bridge between the drops.
Since the approaching velocity is very small and the coalescence is primarily driven
by surface tension forces, an elongated neck will be formed as a result of the eﬀective
range of the intermolecular attraction forces. What is in question, however, is why
the elongated neck causes a slower growth of the liquid bridge radius.
The formation of the elongated neck will cause a violation of the assumptions that
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Figure 4.10: A comparison between (a) the regular neck and (b) the elongated neck
formations during coalescence process.
Eggers et al. [3] considered when they derived the scaling law for the coalescence in
the inviscid regime. The validity of the scaling law that Eggers et al. [3] proposed was
based on the assumption that the scale of the local solution at the meniscus is set by
the neck height (gap width between coalesced drops) alone, where they assumed that
the curvature of the meniscus around the bridge κδ = 1/δ is much larger than the
axial curvature κr =

1
r

of the liquid bridge. Based on the assumption κδ ≫ κr , one can

argue that the capillary forces driving the coalescence comes only from the meniscus
around the bridge, where the capillary pressure driving the outward motion of the
radius is approximately Pc ≈ σκδ . However, the elongated neck will increase the neck
height δ and cause a violation of the criterion κδ ≫ κr , Thus we cannot neglect the
eﬀect of the axial curvature κr anymore, and the capillary pressure driving the motion
will be given by Pc = σ(κδ − κr ) = σ( 1δ − 1r ). Since the axial curvature of the liquid
bridge has a minus sign, it will slow down the outward motion of the liquid bridge at
early times, which was observed in Fig. 4.9 for d/D0 ≥ 4/50. But one should notice
that as the bridge grows in time the assumption κδ ≫ κr will be satisﬁed, and the
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Figure 4.11: Eﬀect of initial separation on the release of surface energy during inviscid
coalescence.
result will converge to the prescribed scaling law

√

t.

As can be seen in Fig. 4.9, as the initial separation d increases, we notice that
there is a critical value for the separation d above which all the results converge and
overlap with each other. For the values of the initial separation studied here, we
observed that for d ≥ 4 the results overlap with each other. This implies that as
d increases beyond a critical value dc , i.e., d is greater than the eﬀective range of
the intermolecular attraction forces, the attraction forces will not be able to bring
the two surfaces together to initiate the coalescence. Thus, the two drops need to
approach each other close enough that the separation between them reaches d ≈ dc ,
where the intermolecular forces are able to join the two interfaces and form a liquid
bridge between them.
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Since we are studying the coalescence by surface tension, the ﬂuid motion that
widens the liquid bridge is driven by the release of surface energy. Thus the observations obtained above can be conﬁrmed by looking at the surface energy release for
diﬀerent initial separations as presented in Fig. 4.11. The surface energy of the liquid
∫
drop is given by Es = V (E0 (C) + k|∇C|2 /2)dV, where V is the volume of the drop,
and it has been normalized by the initial surface energy of the drop Ei = 4πR02 σ.
As can be seen in Fig. 4.11, for the initial separation parameter d/D0 = 2/50 we
observed the highest rate of the surface energy release, which is to be expected since
for d/D0 = 2/50 the bridge evolution satisﬁes the scaling law from early times of
coalescence and has the highest evolution prefactor A0 ≈ 1.1. For d/D0 = 4/50 and
d/D0 = 6/50, we observed a slower release of the surface energy at early times of
coalescence, which is consistent with the slower initial growth rate observed when
d/D0 ≥ 4/50 (Fig. 4.9).
The eﬀective range of the intermolecular attraction forces in the diﬀuse interface
model is related to the interfacial thickness. Thus, as the interfacial thickness D gets
smaller with respect to the drop diameter D0 , the eﬀective range of the intermolecular
forces becomes smaller. As a result, the eﬀect of the initial separation on slowing down
the growth of the liquid bridge at early times, can be reduced by adopting a ﬁner
mesh. Fig. 4.12 shows the time evolution of the liquid bridge, for the initial separation
parameter d/D0 = 4/50, for two diﬀerent grid sizes. As can be seen in Fig. 4.12, we
√
observe a faster convergence to the t scaling law and shorter initial period of slower
growth for the ﬁner mesh results compared to the results of the coarser mesh.
Considering the results provided by the analysis in this section, we conclude that
simulating binary drop coalescence at the low Weber number limit using a diﬀuse
interface approach is sensitive to the initial separation between the drops d, and this
separation should be chosen carefully to minimize the eﬀect of the diﬀuse interface
dynamics on the time evolution of the liquid bridge.
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Figure 4.12: Eﬀect
√ of the grid resolution on the convergence of the liquid bridge
evolution to the t scaling law, for separation d = 4.
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Eﬀect of Weber number on the liquid bridge evolution

After the van der Waals forces merge the two drops together and form a liquid bridge
between them, the bridge will grow in radius due to the capillary forces in the case
of negligible approaching velocity, or due to both capillary and inertia forces for a
ﬁnite value of the approaching velocity. During the expansion of the liquid bridge
the liquid from each drop moves with a velocity U to ﬁll the gap between the two
drops [5] as shown in Fig. 4.13. Paulsen et al. [5] found U ∝
velocity of the liquid bridge

dr
dt

dr
dt

between the opening

and ﬂow velocity in the neck region U . If the drop

has a negligible approaching velocity U0 ∼ 0, the ﬂow velocity in the neck region
U will be driven by the capillary forces and equal to the capillary velocity U = Uc .
On the other hand, when the two drops approach each other at a small but ﬁnite
velocity U0 , the ﬂow velocity in the neck region U will be composed of two parts,
the initial approaching velocity U0 and the velocity due to capillary forces Uc , where
the total ﬂow velocity is U = U0 + Uc . Since the opening velocity of the neck is
proportional to the ﬂow velocity U , increasing the approaching velocity of the drops,
while keeping surface tension constant will increase the opening velocity of the liquid
bridge. Oguz and Prosperetti [25] considered the eﬀect of the relative approaching
velocity U0 on the liquid bridge evolution, and predicted that the time evolution of
the liquid bridge radius would be proportional to the relative approaching velocity
√
U0 through r ≈ U0 R0 t, based on geometrical considerations.
We will investigate the eﬀect of changing the Weber number on the bridge radius
evolution, starting from W e = 0, where the coalescence is driven by surface tension
forces without any eﬀect of the impact inertia, up to W e = 1, where the impact inertia
of the ﬂuid and the surface tension forces will both aﬀect liquid bridge formation and
evolution. With all other dimensionless parameters ﬁxed, the eﬀect of increasing W e
may be thought of as due to increasing the relative approaching velocity U0 of the
drops. Fig. 4.14 shows the eﬀect of changing W e on the liquid bridge evolution. As
can be seen in Fig. 4.14, for W e = 0, W e = 10−4 , and W e = 10−3 , the results are
overlapping with each other with an evolution prefactor of A0 ≈ 1.1. This indicates
that the ﬂuid impact inertia has no eﬀect on the liquid bridge evolution within this
range of the Weber number resulting in negligible hydrodynamic deformation before
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Figure 4.13: Opening velocity of the liquid bridge.
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Figure 4.14: Eﬀect of W e on the liquid bridge evolution.
contact. Increasing the Weber number to W e = 10−2 will cause a very small increment
in the opening velocity of the bridge and one can still say that the approaching velocity
has a negligible eﬀect on the liquid bridge evolution and the coalescence dynamics.
For W e = 10−1 and W e = 1, we observe that the ﬂuid impact inertia starts to aﬀect
the results in the means of accelerating the bridge evolution. In the case of W e = 10−1
the evolution prefactor is slightly increased to A0 ∼ 1.12 and for W e = 1 the evolution
prefactor is A0 ≈ 1.37. For W e = 1, a slight deformation of the drops before contact
was observed for initial separation d = 2, and therefore bigger separations between
the drops will lead to more noticeable deformation before contact.
Based on the results provided by this analysis, we observe that increasing the
collision Weber number from W e = 0 up to W e = 1 will increase the opening velocity
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as expected, and for W e ≤ 10−3 one can neglect the eﬀect of

the approaching velocity on the liquid bridge evolution.

Chapter 5
Summary and Future Work
5.1

Summary

In this paper, we have computationally studied the coalescence of liquid drops by
surface tension, where we focused on the early times behavior of the liquid bridge
formed between two drops. We have shown that coalescence dynamics depends greatly
on the singularity of hydrodynamics at the moment of contact, where the inversion of
radius of curvature causes of the singularity. Thus, starting the numerical simulation
with initially connected drops will aﬀect the coalescence dynamics and will slow down
the evolution of the liquid bridge. The Cahn-Hilliard model employed in this work is a
diﬀuse interface model that has a great advantage in handling topological changes and
simulating interfacial coalescence naturally without the need to artiﬁcially rupture the
interface and connect the two drops. But a downside is that the time evolution of
the liquid bridge depends on the initial separation between the two drops, d. As
the separation gets bigger but is still of the order of the interfacial thickness, the
intermolecular attraction is still able to form a liquid bridge between the drops but
with an elongated neck. The formation of the elongated neck will initially slow down
the evolution of the liquid bridge and then the result will converge to satisfy the
prescribed scaling law for inviscid coalescence. Therefore, the initial separation should
be chosen carefully to exclude the eﬀect of the diﬀuse interface dynamics on the time
evolution of the liquid bridge. The eﬀect of changing the approaching Weber number
36
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was investigated, where we found that for W e ≤ 10−3 one can neglect the eﬀect of
the approaching velocity on the liquid bridge evolution.

5.2

Future Work

The results obtained in the current study are a good starting point, however it could
be extended to study the early-time coalescence dynamics of two drops on solid substrates with diﬀerent wettability. The coalescence process on substrates consists of
two stages: an initial rapid growth of a meniscus bridge between the droplets, and a
slow rearrangement of the combined droplet shape from elliptical to more circular at
longer times. The goal is to investigate in details each stage of the coalescence. The
dynamics of the ﬁrst stage are crucial to applications where drops impinge, condense,
or spread on substrates. Thus, the 3D simulation results presented in this study are
a foundation to study the dynamics of the ﬁrst stage of the coalescence of two drops
on solid substrates.
Another important factor that has to be explored is the level of contamination or
impurities in the the drops by introducing surface acting agents (Surfactants). Surfactants have the ability of modifying the intermolecular forces, therefore modifying the
surface tension of the drops. However, the addition of surfactants also creates complexities in the simulation of the dynamics of the multiphase ﬂow, since it aﬀects the
velocity and the deformation of phases. The advantage of adding surfactants is that
the model will become more realistic and would have a broader range of applications.
Any numerical model always has the possibility for improvement, and it is a never
ending task to ﬁnd alternatives to expand its capabilities and applications. At this
point it is necessary to develop numerical schemes that would help overcome some
of the limitations of LBM. These limitations include complex enclosure geometries,
high velocity and high viscosity ratio cases. Ultimately, the goal is to engage in a
cooperative research. This research would focus on the improvement and use of LBM
and other numerical tools to explore multiphase models involving diﬀerent complex
phenomena and gas-liquid-solid ﬂows at diﬀerent scales. Areas that I would like to explore include but are not limited to porous media, bubbly ?ows, suspensions, boiling,
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atomization, drop impact, solidiﬁcation, mixing, energy generation and conservation,
biomechanical systems, and heat exchangers.
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